We quantify the formation and evolution of protein nanofibers using a new phase field modeling framework and compare the results to transmission electron microscopy measurements (TEM) and time-dependent growth measurements given in the literature. The modeling framework employs a set of effective continuum equations combined with underlying nanoscale forces and chemical potential relations governing protein nanofiber formation in solution. Calculations based on the theoretical framework are implemented numerically using a nonlinear finite element phase field modeling approach that couples homogenized protein molecular structure via a vector order parameter with chemical potential relations that describe interactions between the nanofibers and the surrounding solution. Homogenized, anisotropic molecular and chemical flux relations are found to be critical in obtaining nanofiber growth from seed particles or a random monomer bath. In addition, the model predicts both sigmoidal and first-order growth kinetics for protein nanofibers for unseeded and seeded models, respectively. These simulations include quantitative predictions on time scales of typical protein self-assembly behavior which qualitatively match TEM measurements of the RADA16-I protein and growth rate measurements for amyloid nanofibers from the literature. For comparisons with experiments, the numerical model performs multiple nanofiber protein evolution simulations with a characteristic length scale of ∼2.4 nm and characteristic time scale of ∼9.1 hours. These results provide a new modeling tool that couples underlying monomer structure with selfassembling nanofiber behavior that is compatible with various external loadings and chemical environments.
I. INTRODUCTION
Structural evolution and self-assembly of protein nanofiber networks provide unique opportunities to develop biologically inspired engineering materials and nanoelectronics for a number of applications including hydrogel drug delivery and tissue regeneration [1] [2] [3] . Certain protein nanofibers exhibit spontaneous self-healing characteristics, i.e., their nanostructures can re-grow or recover following mechanical failure without the addition of new monomers 4 .
Therefore the underlying material evolution is of strong interest for engineering of adaptive nanoscale structures, surfaces, and interfaces.
Protein nanofibers are highly complex material systems that are characterized by hierarchical assemblies of structural elements as illustrated in Figure 1 . Proteins are polymers of up to twenty different amino acids linked by peptide bonds in well defined sequences 5 .
Depending on their sequences, amino acid chains often arrange themselves into compact domains (e.g., α-helices or β-strands) which can be separated by regions that lack regular structures. Structural features at larger length scales are defined by groups of ordered molecular domains, organized by both intra-and inter-molecular interactions that play a key role in self-assembling, nanostructure formation in solution, and regeneration of nanostructures following mechanical damage. Interactions that stabilize protein nanofibers include hydrogen bonding, hydrophobic interactions, and Coulombic forces 6 .
The RADA16-I synthetic protein was chosen for part of the modeling comparison because of its relatively simple molecular structure and promise for developing spontaneous selfassembling materials with enhanced mechanical strength characteristics. This protein forms nanofibers which are known to spontaneously self-heal without introducing a monomer.
Other protein nanofiber networks, such as amyloid-β, will spontaneous form initially, but require additional monomers to heal after ultrasonic radiation 4 . Due to the wealth of initial spontaneous growth characterization of amyloid-β, the growth curves predicted by the model will also be compared to spontaneous evolution of this protein nanofiber. Although a precise molecular level understanding is lacking, the nanoscale properties of the RADA16-I protein may impact its demonstrated ability to effectively reduce the malignant phenotype of tumor cells in vitro and in vivo 7, 8 . This protein is also a potential hemostat or wound treatment tool since it is able to cease hemorrhaging with minimal tissue responses [9] [10] [11] [12] .
A broad array of challenges exists that limits our understanding of biologically inspired nanoscale response, chemistry, and structure-property relations. In this analysis, an emphasis is placed on formulating an effective continuum model that includes key mechanical, chemical, and local monomer effects necessary to correlate experimental results of the nanoscale structural evolution of these materials. Such modeling is anticipated to provide a route towards providing quantitative correlations of nanofiber evolution in response to external stimuli such as acoustic radiation, electric fields, or large mechanically induced deformation. Through this analysis, the ratio of a chemical potential parameter and surface energy constant is analyzed and correlated with TEM measurements at different time steps during spontaneous self-assembly. These relations effectively quantify the physical interactions, (e.g., electrostatic, hydrophobic, hydrogen bonding interactions) of the α-helices or β-strands as they form nanofibers.
Sigmoidal and first-order growth rate curves are predicted and compared with recent amyloid nanofiber growth measurements. It should be noted that, despite structural similarities, it has not been experimentally established that the RADA16-I protein is characterized by amyloid-like growth kinetics and therefore the phase field model is compared to amyloid-β growth measurements given in the literature. The initial lag phase in sigmoidal growth of amyloids is believed to correspond to competing mechanisms associated with temperature, concentration, and fragmentation, which govern conformations and configurations required to trigger self-assembly [13] [14] [15] . In contrast to most naturally occurring amyloidgenic proteins, RADA16-I exhibits larger, localized electrostatic interactions that may facilitate rapid self-assembly rates and self-healing characteristics. Effective continuum methodologies are explored to provide a systematic approach to quantify critical material relations that distinguish these differences without introducing unnecessary intricacies within the model formulation. In particular, a small number of material coefficients (8 or less) are used to quantify non-equilibrium nanofiber formation and equilibrium fiber shape. A key distinction between this model and others is the introduction of material anisotropy, which governs the equilibrium size and shape of the nanofibers as a function of the chemical potential and anisotropic surface energy that is a function of the homogenized molecular structure.
In contrast to the effective continuum modeling framework, a significant amount of molecular dynamic modeling has been conducted to understand the evolution of protein nanofibers that form into nanoscale structures and contribute to formation of Alzheimer's amyloid-β nanofibers [16] [17] [18] Effective continuum models have received less attention, yet are important for correlating local protein nanofiber evolution with time and length scales that are commensurate with many experimental studies. Such homogenized techniques have also been applied to similar biomaterials such as vesicle bio-membranes by considering elastic bending energy while using numerical methods that include finite difference, spectral, mixed finite element and adaptive finite element methods [30] [31] [32] . Anisotropy has also been considered within a phase field modeling framework in terms of surface free energy, but this study neglected coupling with the internal anisotropic molecular structure 33 . Morphological evolution of a vesicle coupled with electro-mechanical forces was also developed using the finite element method 34 . An analysis of protein aggregation kinetics was developed by Ferrone 35 which included a theoretical analysis of the nucleation of polymer fibers using two different growth rate coefficients. The model was based on nucleation processes near equilibrium to quantify lag times in the fiber growth curve.
The modeling approach presented here uses an effective continuum framework that couples homogenized protein molecular evolution and chemical potential relations with nonlinear mechanics and mass conservation to understand protein nanofiber self-assembly behavior. In contrast to the theoretical model given by Ferrone 35 , kinetic behavior far from equilibrium behavior is simulated numerically leading to prediction of different growth rates using a single mobility constant. The different growth rate predictions depend on the initial conditions (i.e., seeded simulation versus a random monomer bath). This modeling approach provides a relatively simple strategy that includes key structural relations and material coupling between nanoscale monomer forces and structure with an effective continuum phase evolution that distinguishes protein nanofibers from the surrounding solution. The effective continuum model and various length scales that define the hierarchical protein structures are illustrated in Figure 1 . The proposed model focuses on the ∼20 nm to ∼200 nm length scales. The modeling method is further illustrated in Figure 2 where an enlarged view of the protein nanofiber is shown. A 'peptide' vector order parameter is defined to model a nanoaggregate bead-like peptide by its structural orientation. This constitutes a reduced-order methodology that accommodates the formation of nanoaggregate peptides into nanofiber networks.
Throughout the remaining discussion, the peptide vector order parameter used in the model will constitute this nanoscale bead-like peptide as shown in Figure 2 .
Free energy and dissipative energy functions are introduced using nonlinear continuum mechanics and thermodynamics that include local order parameters governing nanofiber formation in solution. compared with amyloid nanofiber formation kinetic measurements given in the literature. In
Section V, the model and the data are discussed and key material parameters are identified.
II. MATERIALS AND TEM MEASUREMENTS
The peptide RADA16-I nanofibers used in this study were purchased from BD Biosciences (BD PuraMatrix peptide hydrogel) and sonicated in a bath for five minutes. The dynamic reassembly of RADA16-I nanofiber networks, as a function of time, was then captured using TEM imaging as shown in Figure 3 . The TEM specimens were prepared by placing RADA16-I solutions onto TEM grids and using uranyl acetate as a negative stain. Specifically, TEM specimens were produced by applying a series of 5 µL drops onto carbon coated TEM grids (Ted Pella, 3-4 nm carbon films over holy carbon film on copper mesh) and waiting the amounts of time specified below before removing excess fluid by wicking with filter paper. A solution of freshly sonicated protein nanofiber solution was first allowed to sit on the carbon surface for 2 minutes. Subsequently, a drop of deionized water was applied for 1 minute.
Finally a drop of 3% uranyl acetate was applied for 1 minute. After removal of excess uranyl acetate solution, the TEM grid was allowed to air dry. With this technique, the nanofiber dimensions, morphologies and density on two-dimensional surfaces can be quantified.
The three images in Figure 3 represent the same sample at different points in time following sonication. The specimen was imaged initially after sonication, several hours later, and several days later. Sonication is known to break RADA16-I nanofiber networks into smaller fragments. It is also known that with time, these fragment are able to reassemble into nanofibers without re-addition of soluble protein as illustrated in Figure 3 . Further note that based on these TEM measurements, it was found that nanofiber thicknesses change with time. These self-assembly processes are analyzed using the model discussed in the following sections.
III. GOVERNING EQUATIONS
The key governing equations for protein nanofiber formation include linear momentum and conservation of mass of the effective, heterogeneous continuum and coupling to the underlying peptide vector order parameter and phase evolution of the nanofiber network. These balance laws are briefly discussed and followed by a thermodynamic potential and dissipative energy relations that describe the non-equilibrium constitutive relations. For more information that describes the balance equations, see Gurtin 36 . It was found through simulation that linear momentum is not of critical importance during spontaneous self-assembly;
however, it is included in the theory as an important factor when considering external loading such as mechanical forces, ultrasonic waves, or electromagnetic fields. Deformation of the protein nanofibers and subsequent internal structure changes will be considered in a future analysis. After presenting the theory, a summary of the equations that are implemented numerically to describe the self-assembly process are given in Section IV.
Finite deformation is initially considered within the modeling framework to accommodate large deformation of the nanofibers; however, the theory is also valid in the limit of infinitesimal strain. This requires the use of the deformation gradient
where x i is the spatial point and X K is the material point and the indices i, K are summed from 1 to 3 using conventional indicial notation 39, 40 . All of the following governing equations are written in an undeformed reference configuration to facilitate finite element implementation. The reference configuration indices, which are used throughout, are described by capital indices. Lower case indices are reserved for fields and forces in the currently de-formed or Eulerian configuration. This allows the model to be formulated in terms of an initial reference volume, Ω 0 , based on the coordinates X K . However, the equations can also be transferred to a spatial configuration (i.e., Eulerian frame) using standard nonlinear continuum mechanics techniques 40 .
The linear momentum equation is
subject to the boundary conditions T i = s iKNK on Γ 0 39 . The unit normal in the reference description is denoted byN K . Here s iK is the nominal stress, B i is the body force, ρ d is the spatially varying density of the protein and host solution, and V i is the material velocity.
The underlying nanoforce balance that describes evolution of the peptide order parameter into nanofiber networks is
that is subject to the boundary conditions τ I = ξ JINJ on Γ 0 . Intrinsic and extrinsic body forces follow the conventional notation and are defined by π I and γ I , respectively 41 . A local, effective stress has also been introduced which is defined by ξ JI .
The intrinsic body force includes both conservative and non-conservative forces
where the conservative force is defined by η I and the dissipative effects on the peptide order parameter (n J ) are governed by the inverse mobility tensor β IJ and the time rate of change of n J . Large deformation is neglected in this rate equation. It was determined numerically that deformation during self-assembly, in the absence of external loading, had a negligible affect on the protein nanofiber formation. Comparison to the exact objective time rate of change of the peptide order parameter is given in the Appendix.
Since these nanostructures evolve from aggregation of protein monomers in solution, conservation of mass and phase evolution between the host solution and protein nanofibers requires additional equations that govern these effects. The combination of these two equations leads to the classic Cahn-Hilliard equation [42] [43] [44] . Here, conservation of mass and the chemical balance relation are left in their original form to facilitate finite element implementation. Further discussion of these relations is given in Section III C for comparisons with the proposed model.
Conservation of mass isρ
where the variable ρ represents a normalized protein density, which ranges from zero in the fluid to one within the protein nanofiber. The mass flux is defined by J I andṁ is the external mass density supply rate. The mass flux is assumed to be proportional to the gradient of a chemical potential
where µ is the chemical potential and A IJ is a mobility tensor. For more details on these diffusion relations within a continuum modeling framework, see Govindjee and Simo 45 .
The chemical potential balance relation describes interaction between the peptide vector order parameter and the surrounding solution. This chemical balance of potentials is similar to (3), but describes phase evolution
where ξ I governs surface or interface tension. The parameters π and γ represent internal and external potentials, respectively. These potentials are functions of the phase and mass density and are analogous to the parameters in (3) that govern homogenized molecular forces on the peptide order parameter. It should also be noted that (3) and (7) are highly coupled as described in the following section. This coupling provides anisotropic nanofiber growth based on the peptide order parameter and the chemical potential thermodynamic functions.
These relations summarize the key equations required to describe formation and evolution of the protein nanofibers under ambient or external mechanical loads. In Section IV, the finite element model will be formulated to numerically solve these equations which include the nanoforce balance on the peptide order parameter (3), mass conservation (5), and the chemical potential balance (7) . Whereas linear momentum was given by (2), it was found through simulation that this has a negligible effect on spontaneous self-assembly under ambient conditions. A brief description of the mechanics coupling is given in the Appendix to illustrate this approach for future analysis of external loading.
A. Thermodynamic Relations
A free energy description and dissipative energy function are introduced to relate the balance equations with the first and second thermodynamic laws. Second, this allows all the nanofiber constitutive relations to be identified directly from conserved free energy and dissipative energy functions. In general, the continuum free energy should include the effects of deformation and the underlying nanofiber phase and peptide structure evolution. This requires introducing a Helmholtz free energy to contain the following internal state variables or order parameters
where again F iK is the deformation gradient, n I is the peptide vector order parameter and ρ represents the spatially dependent phase of the protein nanofibers and solution mixture. Spatial gradients on the peptide vector order parameter and density are denoted by n I,J = ∂n I ∂X J and ρ ,I = ∂ρ ∂X I , respectively.
A set of work conjugate variables are defined to distinguish conservative and nonconservative forces using the second law of the thermodynamics. By combining the first and second thermodynamic laws, the applied power to the solution and nanofibers must be greater than or equal to the stored kinetic energy rate and internal energy rate within a representative material volume. This provides an energy balance that accommodates irreversibilities in the applied work. In the limit of reversibility, the applied power will equal the kinetic energy rate and the stored internal energy rate. In the following equation, the kinetic energy rate cancels due to inertial effects contained within the linear momentum equation. The details of this derivation are omitted but is described in detail by Gurtin 36 . The final result is obtained and assumed to apply to any small representative volume element according tȯ
where the new variables in this energy balance are describes as follows.
Using (9), we vary each of the independent variables in time which requireṡ
The work conjugate variables are defined by comparing (9) and (10) . For the mechanics, this requires the definition of time rate of change of the deformation gradient,
The nominal stress is then defined by
The local stress and body forces associated with the peptide orientation are
where it should be noted that only the conservative force from (4) has been used to define ∂ψ ∂n I . The work conjugate variables associated with the phase are µ − π = ∂ψ ∂ρ , and ξ I = ∂ψ ∂ρ ,I .
A substitution of the above conjugate variables in (11), (12), and (13) along with (4) and (6) into (9) gives
and since n I and µ are independent variables, both β IJ and A IJ must be positive semidefinite to restrict the entropy production to always be greater than or equal to zero. The isotropic approximation will be used in the numerical model which is given in the form,
The two constants β 0 and A 0 define the mobility rates and must be greater than or equal to zero to satisfy the second law of thermodynamics.
B. Protein Nanofiber Constitutive Relations
The free energy based on (8) is specified to quantify the constitutive relations governing the nanofiber formation. As previously noted, it was identified numerically that deformation coupling does not play a critical role in predicting the equilibrium nanofiber formation in the absence of external loads. Therefore, the deformation gradient and linear momentum is neglected in the subsequent equations. A brief summary describing how to extend the model to large deformation mechanics problems is given in the Appendix. The specialized form of the free energy is
where ψ n is the energy of the peptide vector order parameter and ψ ρ is the chemical energy associated with the phases of the protein nanofibers and solution. All energy functions are written per reference volume. These two terms are defined to simulate differences in chemical behavior and the effective molecular orientation (i.e., peptide vector order parameter).
The free energy function that describes the peptide vector order parameter is
where the term a(ρ) is a phenomenological parameter that defines local peptide order and K is an exchange constant that penalizes local interactions between each peptide. This function is a non-convex potential with |n I | = 1 at equilibrium (excluding the gradient penalty on n I,J ). The parameter a has the functional form, a(ρ) = a 0 ρ, to obtain a non-convex energy function in regions of the peptides and is convex in regions of the liquid solution. The variable ρ is the normalized density calculated from the mass conservation relation (5) and chemical potential balance (7) . Its value is restricted to one in regions of protein nanofibers and zero in the solution based on the chemical free energy that is given as follows.
The chemical free energy is
where the function ψ ρ (ρ, ρ ,I , n K ) is smooth with equal minima at ρ = 0 and 1 by constraining b > 0. The phenomenological parameters include b and h IJ (n K ) which define phase and interface energy relations between the protein nanofibers and solution, respectively.
The tensor h IJ (n K ) is also restricted to be positive definite. The gradient parameter is a function of the monomer vector n K and surface energy constants. This function is defined
The parameter ǫ 0 is an isotropic interface energy penalty, while ǫ s creates anisotropy in the surface energy as a function of the peptide vector order parameter. It will be shown that this function is important in predicting the anisotropic protein self-assembly into nanofibers.
C. Kinetics and Cahn-Hilliard Relations
The nanofiber evolution largely depends on the concentration and motion of the short nanofiber fragments. These fragments are the sonicated "seed" nanofibers with the possible presence of sonicated protein monomers. The previous thermodynamic relations define the material behavior at equilibrium. Self-assembly properties of the peptides into nanofibers are dynamic processes that requires kinetic relations that are far from equilibrium. First order rate effects on the peptides and density into nanofibers, as described in Section 2, are further developed here to define explicit rate dependent behavior within (3) and (7).
As previously noted, the peptide order parameter defines the orientation of the local, homogenized molecular structure. This vector order parameter is assumed to depend on first order temporal effects while rotational inertial effects are negligible due to viscous forces in the surrounding fluid. Translational effects will also be governed by viscous forces.
These affects can be included within the linear momentum equation (2); however, it was found that the translational viscous effects had a negligible effect on spontaneous nanofiber formation under ambient conditions. By combining (3) and (4), protein nanofiber evolution is governed by
where the extrinsic nanoforce is set to zero (i.e., γ I = 0). This equation is also known as time-dependent Ginzburg Landau equation or Allen Cahn equation 44 .
Phase evolution is often described by combining the conservation of mass and the chemical potential balance relations. This can be done by solving for (7) in terms of π and substitution into (13) which gives
This simplifies to the conventional definition of the chemical potential if density gradients in ξ I and external effects in γ are zero 46 . By combining the mass flux relation and conser- The characteristic time and length scales can be determined from (18) and (20) . Details describing the methodology to obtain these relations is given by Gao and Suo 47 . The characteristic constants based on the peptide vector order parameter are
where the characteristic length scale, l n , depends on the ratio of the distortion constant, K, and the Landau parameter, a 0 . The time constant, τ n , depends in the ratio of the inverse mobility constant, β 0 , and Landau constant. The characteristic length and time constants based on the phase are
where the approximation is based on h IJ = ǫ 0 δ IJ + ǫ s |n I n J | and |n I n J | ≃ 0.1 near the interface. The isotropic interface parameter, ǫ 0 , has been set to zero which will be done in all numerical simulations. These characteristic scales will be used in the following section to quantify length and time scales that can be predicted by the modeling framework.
These equations are combined with the peptide vector order parameter force balance that is given by (18) in the finite element model. The weak form of these equations that are numerically implemented is described in the following section. A key emphasis is placed on quantifying thermodynamic parameters and dissipative parameters from TEM experimental results and non-equilibrium growth rate measurements given in the literature on amyloid protein nanofibers.
IV. FINITE ELEMENT IMPLEMENTATION
The non-equilibrium material behavior between the local peptides, nanofibers, and solution leads to a complex material state that requires numerical modeling. A finite element framework is used to predict evolution of a single and multiple protein nanofibers. Conforming elements are used for space discretization and the backward differentiation formula method (BDF) is used for time discretization in all simulations. The key governing equations previously discussed are summarized here in the weak form for numerical simulation.
The commercial package, Comsol 3.5, was used in all simulations.
The finite element formation results in a form of a phase field model due to the relatively small gradient energies and the non-convex Landau energy description governing 1) the peptide aggregation into nanofibers and 2) the phase evolution that distinguishes the protein Table I . The mesh density was increased uniformly over the entire domain until convergence was reached for each simulation.
To assess the anisotropy and aggregation during in nanofiber formation, four sets of initial conditions were used: (1) an idealized single circular nanofiber seed that is defined to consist of uniform phase and peptide orientation and is located in the center of the finite element domain, (2) seven and thirty-two circular protein nanofiber seeds are introduced on the finite element domain to investigate nanofiber evolution, and (3) an unseeded model with random peptides over the entire finite element domain is implemented using pseudo-random initial conditions to compare with the seeded models. Although the size and magnitude of each seed in the thirty-two seed model is smaller than those of seven seed model, the thirty-two seed model contains an average 25% concentration of protein phase, which is larger than the 14% concentration of protein phase in the seven seed model. It should be noted that the initial seed size also varies with the number of seeds introduced. The thirty-two seed model was chosen to compare directly with the random peptide (i.e., unseeded) model since the concentration is equivalent in these two cases.
Surrounding the circular protein nanofiber seeds was a random perturbation used to define peptides in the fluid where |n I | = 1 × 10 −6 . This was used to represent randomly fluctuating peptides within the solution surrounding each seed in a time-averaged sense. The natural boundary conditions for the phase and protein monomer were set to zero to represent ambient external conditions. The following models were first allowed to run under zero These initial simulations included linear momentum to quantify its effect on spontaneous formation of nanofibers. All further simulations neglected linear momentum which did not require applying mechanical boundary conditions.
A. Weak Formulation
The finite element model is summarized by three sets of governing equations rewritten in the weak form. The weak form of the conservation of mass that was previously given by the strong form in (5) and the chemical potential balance that was previously given by the strong form in (19) are respectively
where w and v are the test functions for the normalized density ρ and chemical potential µ, respectively. The density, ρ, varies continuously from 0 to 1 at the liquid-protein interface.
The weak form of the peptide vector force balance is
where the weight function for the peptide force balance ζ I has been introduced. The parameter β IJ is written as β IJ = β 0 δ IJ to approximate the evolution rate on the monomer, n J , to be equal in all directions. External protein nanofiber body forces have been set to zero (γ I = 0) and internal body forces are included in the definition of η I . In the following numerical simulations, the local "traction" on the protein nanofibers will also be set to zero on all external boundaries (i.e., τ I = ξ JINJ = 0). The results of the model given in the following section neglect mechanical coupling and focus on interactions between the phase and peptides that drive nanofiber evolution as governed by the three above equations. The additional linear momentum relations are described in the Appendix.
B. Idealized Single Nanofiber Formation
First an idealized circular seed of peptides was simulated to examine the anisotropic nanofiber growth under ambient external conditions. The parameters used in the model are given in Table I . These parameters are used in all simulations unless otherwise specified.
Lagrange quadratic quadrilateral elements are used and the mesh is refined uniformly over the grid space until convergence between model runs is achieved. A mesh density of 2500 quadrilateral elements is able to achieve convergent results for the given parameters. Also note that refined meshes in the center region near the seed and evolving nanofiber were performed to confirm mesh independence of the solution. A GMRES solver with incomplete LU pre-conditioning is used to achieve converged results for each time step, a second order backward Euler differentiation formula method (BDF) is used to solve the time-dependent term.
Nanofiber formation requires anisotropic interface energy since isotropic behavior leads to circular structures that minimize surface area to volume ratios. Anisotropic properties are necessary to create nanofibers with aspect ratios that are greater than one. Moreover, it is known that nanofibers typically grow in the direction perpendicular to the local peptide structures 17 . The peptide vector order parameter n K is introduced to determine the growth of nanofibers as previously given by h IJ (n K ) = ǫ 0 δ IJ + ǫ s |n I n J |. It is shown that the ratio of the anisotropic interface energy parameter ǫ s and the chemical potential parameter b controls the aspect ratio of the nanofibers.
The numerical evolution of a single protein nanofiber is shown in Figure 4 . The initial radius of the center circular phase was 8 nm. The initial orientation of the peptides is defined in the horizontal direction which influences nanofiber growth in the vertical direction. Other initial peptide orientations including 45
• , 90
• and 120
• were simulated to validate rotational invariance of the model. As illustrated in Figure 5 , three different sets of initial peptide orientations were tested. In all cases, the initial circular seeds (not shown) grow into protein nanofibers in a direction that is orthogonal to the orientation of the peptide orientation.
The chemical flux based on (6) is also analyzed by plotting J I for different time steps as the nanofiber evolves from a seed. The illustrations in Figure 6 are analogous to the plots in Figure 4 . It is shown that an increase in flux is computed orthogonal to the peptide orientation (horizontal orientation) for the seed. As the seed evolves into a nanofiber, the flux 
C. Multiple Nanofiber Formation
The multiple nanofiber simulations are demonstrated starting from uniformly distributed protein seeds using the probabilistic Lloyd's Method In Figure 8 , the results for the seven seed model are shown. The seeds are equally distributed within the domain at t = 0 hours, where each seed contains a small, random peptide order parameter value: |n| = 1 × 10 −6 . During the initial formation, it is observed that the circular seeds are unstable and possibly unphysical in nature since they break into smaller nanofiber segments. Despite this assumption on the initial conditions, the nanofibers are found to dissociate and grow into nanofibers similar to experimental TEM measurements.
Similar equilibrium characteristics will be shown to occur when starting with random initial conditions.
The nanofibers are calculated to grow in directions as defined by the initial orientations of the peptide structures. However, the nanofibers do not necessarily grow straight. At a critical length, curvature is observed. This is due to the distortional constant K that is defined to penalized gradients in the peptide vector order parameter. This parameter could be increased to predict longer, straight nanofibers or nanofibers with larger curvature by increasing or decreasing K, respectively. This also depends on neighboring nanofibers due to the fact that n I,J becomes large as two nanofibers approach one another. Also note that the aggregation of nanofibers was predicted up to t = 200 hours. Similar behavior has been observed in RADA16-I without adding additional monomers to the solution.
Similar nanofiber evolution is found to occur when thirty-two seeds are used as initial conditions; see Figure 9 . Using the same parameters as in the seven seed model, these seeds evolve into complex structures that depend on the internal peptide orientation and chemical coupling similar to the seven seed model case. In this case, the size of the single seeds are less than those of the previous multiple seed model, which gives a higher protein concentration.
For both the seven and thirty-two seed models, the nanofiber simulations evolve at a faster rate up to t ≃ 50 hours, then the evolution gradually slows as the model approaches equilibrium. Similar to the seven seed model, the initial circular seeds dissociate and grow into nanofibers. This suggests that final equilibrium configurations are not necessarily sensitive to the initial conditions; however, initial conditions are critical in predicting growth rates. At longer times, it is shown in Figures 8 and 9 that aggregation between nanofibers is a relatively slow process in comparison to the initial self-assembly of nanofibers from the surrounding peptides in the solution.
In comparison to the seeded models, the unseeded model has been implemented by treating the initial conditions as a pseudo-random state using |n| = 1 × 10 −6 everywhere on the finite element domain. This approximates the initial conditions starting from the sonicated protein nanofiber solution shown in Figure 3 (left image). The initial concentration is de- This model provides insight on the formation of protein nanofibers starting from random peptide state which is similar to the TEM image immediately after sonication; see left image in Figure 3 . Three main stages of evolution were observed including initial nucleation, growth, and aggregation. As shown in Figure 10 , the initial phase is uniformly distributed throughout the domain and the peptide vector order parameter is random with a nominal magnitude of ±1 × 10 −6 . At time t = 30 hr, the nucleation of the protein nanofibers has begun to form where several small nanofibers have nucleated. Then the concentration of nanofibers increases between t = 30 hr and t = 50 hr. The results match the time sequenced TEM images of the RADA16-I qualitatively well. These simulated nanofibers not only have the appropriate size but also predict curved nanofiber structures similar to experimental observation. Since the exact times from the TEM measurements are not known, the model is compared to dynamic growth measurements given in the literature for amyloid-β protein nanofibers. This is described in the following section. 
D. Dynamic Growth Predictions
The kinetics of nanofiber growth of the unseeded solutions of self-assembled protein nanofibers is compared to the seeded model and experimental results given in the literature. Since growth curves are not well known for RADA16-I, the rate behavior was compared to results on a similar protein nanofiber, amyloid-β 49, 50 . It is shown that the phase field model results can be fit empirically to a stretched exponential equation of the form
] with s ≥ 1. Such results are often used to fit experiments to evolution of protein nanofibers. Using this empirical fit, F (t) is the concentration at time t, F 0 is the initial nanofiber concentration, F inf is the concentration at equilibrium, and duration of nucleation time is τ . The parameter s = 3.5 and τ = 80 hours were used to fit the unseeded nanofibers to the empirical model while s = 1 and τ = 3 hours was used for both thirty-two seed model and seven seed model. The empirical and simulated evolution of nanofibers are plotted in Figure 11 . In this plot, the vertical axis represents the nanofiber concentration rate, which is calculated through the area ratio between the nanofibers and the total domain of the two-dimensional model. Concentration ratios were recorded at critical moments during the phase field simulation and these discrete points are compared with the empirical curves.
The growth curve fit illustrates that the phase field model accurately fits a sigmoidal curve for the unseeded cases on a time scale that is similar to experiments conducted on amyloid-β protein nanofibers. The evolution process can be clearly divided into the initial nucleation, growth and aggregation steps as observed experimentally 49, 50 . The seven seed and thirty-two seed models display a linear first order response as shown in Figure 11 .
The lines were plotted according to the same exponential equation using the parameters s = 1 and τ = 3 hours. The points are the concentration ratios at time steps from the seeded phase field models. Although both models have the same amount of concentration, the difference in initial conditions change the evolution process by affecting the lag time of nanofiber formation. Clearly, the seeding accelerates the growth rate as also observed by
Ohnishi et al. 51, 52 .
As shown in Figure 11 , the changes in lag time between the seeded and unseeded models 
V. DISCUSSION
The self-assembly of protein nanofiber networks has been modeled using a phase field modeling framework and compared with TEM measurements and kinetic growth measurements given in the literature. The modeling framework couples key material characteristics using an effective continuum model (i.e., conservation of mass) that is coupled to nanoscale peptide structures and chemical potential relations governing protein nanofiber networks in solution. In contrast to molecular dynamics models, the effective continuum approach with coupled peptide structure and chemical attributes has provided a reduced order modeling framework that predicts experimental results reasonably well. Only a small set of material parameters were necessary to predict equilibrium nanofiber shape and non-equilibrium growth rates on the order of 100 hours. This is the typical time scale of experimental growth curves of amyloid-β protein nanofibers.
At equilibrium, it was found that the ratio of the chemical potential parameter b and the anisotropic interface energy parameter ǫ s governs the aspect ratio of the individual nanofibers. In different solutions, the parameter b may vary since it is used to correlate chemical driving forces between the solution and nanofibers. This observation suggests that equilibrium nanofiber lengths may be controlled by the differences in chemistry between the solution and proteins, although more experiments are necessary to quantify this potential effect. The growth of nanofibers was also defined to occur orthogonal to the peptide vector order parameter, which was constrained by the form of the surface energy tensor,
that is a function of the peptide orientation.
The protein flux associated with growing nanofiber fragments is illustrated in Figure 6 where larger flux along the nanofiber ends were computed. Significant flux from bulk solution towards the nanofiber ends is predicted. Flux tangential to the sides of the nanofiber is also predicted. The tangential flux spans the entire surface for small seeds (Figure 6(a) ) and then concentrates near the nanofiber ends as the nanofiber increases in length ( Figure 6(b) ).
This suggests the concept of sliding diffusion proposed by Yokoi et al. 4 may be feasible;
however, bulk diffusion of peptides from the solution begins to dominate the self-assembly process at larger nanofiber lengths. It is also important to point out that the phase field approach predicts diffusion of the peptides within the nanofiber, particularly in regions near the ends due to the highly reactive anisotropic interface energy incorporated into the model.
Minimal diffusion of peptides within the nanofiber is expected to occur experimentally once the structure reaches equilibrium; however, rearrangement of local order may occur near the nanofiber ends. Refined model predictions should be developed to understand the mobility behavior governing the flux in this region.
By introducing local peptide structures within the nanofibers, defect structures were allowed to form through first-order gradient penalties within the free energy function (i.e., K 2 n I,J n I,J ). This aspect of the model allows predictions of curved nanofiber structures where the magnitude of curvature depends on the exchange constant K. Similar curved nanofiber structures were observed experimentally as shown in Figure 3 . Moreover, anisotropic penalties on n I,J can be introduced within the free energy function to predict twisted structures which have been observed to occur in nanofibers 17, 52, 53 . In contrast to the effective continuum model presented here, a stochastic based model presented by Zhang and Muthukumar
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predicted straight nanofibers from surrounding peptide structures and short-range force relations. The introduction of gradients on the peptide vector order parameter (n I ) incorporates longer-range forces within the energy description. This provides an effective reduced order method to study the self-assembled shape of the nanofibers.
Growth rate effects were also quantified and compared with experimental data that included self-assembly characteristics that occurred on the order of 100 hours. The model was first compared to the time sequenced TEM measurements. In comparison with the images in Figure 3 , the unseeded model ( Figure 10 ) illustrated small nanofiber formation at t ≃ 40 hr which was similar to the middle TEM image in Figure 3 . Near equilibrium (i.e, the right TEM image in Figure 3 ), nanofiber thickening was observed which was similar to the phase field model predictions in Figure 10 at t = 200 hr. In addition to image correlations, estimates of growth rates were compared with similar nanofiber proteins (amyloid-β) given in the literature. Current work is focused on comparing growth rates of amyloid-β with quantitative growth rates of RADA16-I.
The effect of initial conditions on nanofiber growth was predicted by the phase field model to predominantly depend on the shape of the non-convex free energy term and inverse mobility constant. The chemical free energy described by (17) is a double well potential with a maximum at the normalized density of 0.5 (i.e., equal amount of solution and peptides)).
The initial conditions in the model include perturbations in the solution/nanofiber phase which drives the phases to separate from the ideal value of 0.5. This process is similar to the classic spinodal decomposition of binary phases 46 ; however, anisotropic surface energy plays an important role. As the phase and peptide structures evolve into nanofibers, the driving force increases monotonically until the value of the phase reaches an inflection point on the non-convex free energy function and the growth rate is then reduced. Note that this scheme predicts sigmoidal growth kinetics in unseeded systems without fiber fragmentation.
The observed evolution of the seeds partially contributed to the rapid increase of nanofibers from seeds in comparison with the simulation which started with random dissolved peptide. No observable change in the growth rate was predicted for seeds with a nominal concentration of 25% and 11%. This transition to a stretched exponential may occur at lower seed concentrations. Despite this uncertainty in the initial seed evolution process, the model was able to predict different growth rates as a function of the initial seed or random peptide structures reasonably well. It is also important to note that the effective continuum model not only homogenizes local molecular structure into a peptide vector order parameter, but the time scales have also been homogenized as indicated by the time scale based on the phase evolution in (22) 2 which was 9.1 hours. In comparison, the length and time scales based on the peptide structure were l n = 0.2 nm and τ n = 500 s.
These length and time scales are expected to be smaller since they governing the underlying structure evolution of the nanofibers; however, it motivates the need to couple the model with molecular methods to more accurately interpret such length scales within a continuum theory. Hence, inputs from molecular dynamics models that define the shape of the thermodynamic free energy and homogenized diffusivity parameters such as ones detailed in 21, 22 will be important to study differences in growth evolution for different nanofiber forming proteins.
VI. CONCLUDING REMARKS
An effective continuum model has been developed for predicting self-assembly of protein nanofiber networks using a nonlinear finite element phase field approach. The model couples conservation of mass with peptide orientational order and chemical potential balance relations. Anisotropic interface energy is introduced as a function of the peptide orientation to provide a reduced set of material parameters that control the size, aspect ratio, and curvature of the nanofibers in the network. Growth rate predictions on the order of 100 hours also correlated well with experiments on amyloid-β given in the literature. Such computations are practically intractable using molecular dynamics; however, inputs from molecular dynamics simulations that define the form of the effective free energy and dissipative energy functions will be important in distinguishing different protein nanofiber materials. The initial conditions were found to be critical in obtaining nanofiber growth rates observed experimentally, although the final equilibrium structure was independent of the initial conditions. The simulations have been shown to compare qualitatively well with spontaneous self-assembly of the RADA16-I protein nanofiber based on time sequenced TEM images of protein nanofibers that were initially exposed to ultrasonic radiation. Current work is focused on quantitative model predictions under ultrasonic radiation, mechanical deformation, and electric fields to facilitate the development of guided self-assembly of nanoscale nanofiber networks.
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Appendix A: Mechanics Coupling
The present analysis has focused on protein nanofiber spontaneous formation under ambient conditions which neglected stress and strain material behavior within the modeling framework. It was noted that linear momentum given by (2) could be coupled with the model to accommodate these effects to study nanofiber deformation under external mechanical loading. The governing equations for mechanical coupling are briefly discussed to illustrate how the model can be extended to include these external effects on protein nanofiber deformation and coupling with the underlying structure and phase.
It was discussed in Section IV A that three governing equations were required to model conservation of mass, peptide structure evolution, and phase evolution. To model mechanical coupling, linear momentum is added to the finite element problem and given here in the weak form by
where inertial effects and body forces are neglected. More details on this governing equation can be found in 40 . Note that under acoustic or ultrasonic loads, inertia cannot be neglected.
The weight function for satisfying mechanical equilibrium ζ i has been introduced. The nominal stress is denoted by s iK which includes effects from stretching the nanofiber bonds as well as internal stresses induced by the peptide structure and phase. Only the "mechanical" stress from stretching the fiber is noted here. 
where the first term is the local rate of change, the second term constitutes compressibility rates, and the third term includes a combination of rotational rates and stretch rates. The identitiesJ = J ∂v k ∂x k andḞ
Jk L ki have been applied 40 .
The objective rate of n I is therefore
which satisfies objectivity in the peptide orientation rate.
